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Abstract

13th Comparison between the Swedish national kilogram an SP
principal standards for one kilogram

Measurements of mass in Sweden are traceable to international standards through the mass of the
Swedish platinum-iridium prototype kilogram, K40. This report concerns weighings between the
national prototype and various principal standard kilograms, at SP Technical Research Institute of
Sweden (SP), Boras. The weighing comparison at SP is the thirteenth of K40 with principal standard
kilograms since 1894. It is the first to include a new acquired platinum-iridium prototype kilogram,
K86. The principal results of the weighings are:

(i) New values for the mass standards K86 (Pt-Ir); MJV2, G1, Me, Me2 (stainless steel) with respect
to the international kilogram;

(i) Variation of masses with time, in some cases continuing a study of nearly one hundred years (for
K40);

(iii) Appraisal and use of relatively new air buoyancy artefacts NS2001 and NC2001
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1 INTRODUCTION

Over the more than one hundred years since Sweden officially adopted the metric system of masses
and measures in 1889, traceability to international standards of mass has been maintained through
comparison of the prototype kilogram K40 with the International Kilogram at the BIPM.

The present work concerns the latest weighings of K40 with various principal standard kilograms at
the Swedish National Testing Institute (SP). Weighings between K40 and the principal standard
kilograms have taken place at approximately ten-yearly intervals over the past hundred years, most
recently in 2003 [Jacobsson et al. 2004]. The present comparison is the 13™ since 1889.

The principal results of the 13" comparison are:

(i) New values for the mass standards K86 (Pt-Ir); MJV2, G1, Me, Me2 (stainless steel) with respect
to the international kilogram;

(ii) Variation of masses with time, in some cases continuing a study of over many decades.

(iii) Appraisal and use of relatively new air buoyancy artefacts NS2001 and NC2001

This report contains full details of the weighings and results. Somewhat modified weighing procedures
are employed compared with earlier comparisons, as well as new data acquisition and evaluation

programs (in Mathcad) [Section 3.2]
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2 LABORATORY SET-UP

2.1 Comparison laboratory

The primary laboratory for weighings of the highest accuracy is situated in an underground location in
a separate building at the perimeter of SP in Boras. The laboratory itself is housed in a self-contained
construction within the building. All instrument tables in the laboratory are supported, independently
of the floor, on a large concrete block. The block itself rests on the bedrock, cushioned by a rubber mat
about 1 cm. thick. In this way, vibrations are minimised. [Pendrill 1993]

2.2 Mass comparator

The mass comparator is a commercial machine (Sartorius C1000S) based on the Angstrém principle of
electromagnetic force compensation. The dynamic range of the comparator is between - 100 mg and +
500 mg about 1 kg and the resolution 1 pg. [Johansson et al. 1996].

Figure 2.1 Mass comparator

The mass comparator generates significant amounts of heat. This necessitated a period of thermal
stabilisation, during which the comparator was operated over a period of about 6 hours prior to
weighing.

A detailed account of the determination of the sensitivity of the mass comparator is given below

[Section 5.2].
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2.3 Mass standards

This report concerns weighings between the national prototype and various principal standard
kilograms at SP Boras. The weighing comparison at SP is the thirteenth of K40 with principal
standard kilograms since 1894.

The principal standard kilograms of SP involved in the present work are

(i) a new acquired platinum-iridium prototype kilogram, K86;

(i) two stainless steel masses, G1 and MJV2, manufactured more than fifty years ago;
(iii) stainless steel masses, Me and Me2, of relatively recent manufacture

A number of small additional masses, in the range 10 mg to 200 mg, was employed for approximate
equalisation of the nominally kilogram masses; compensation of differences in apparent mass due to
air buoyancy [Section 2.3.4]; and in situ calibration of the sensitivity of the balance.

2.3.1 K40

The prototype kilogram, K40, made of 90% platinum and 10% iridium, is in the form a cylinder of
diameter equal to its height, and with a volume, according to the certificate 1993 at 0 °C of 46,411 5
cm® [BIPM 1993]. A coefficient of cubic thermal expansion, used to calculate the volume at a
temperature t (°C), is taken to be (a-+p teo) 10° K™, where a = 25,869 and p = 0, 00565.

The prototype kilogram has been weighed at the B.I.P.M. on the occasions of the Periodic
Verifications of the National Kilogram Prototypes: in 1889, K40 was found to have a mass of 1 kg -
0,037 mg; in 1948, 1 kg - 0,039 mg, and most recently, in 1991 (26 February), 1 kg - 0,035(2") mg,
relative to the international kilogram.

The calibration certificate issued on this last occasion is reproduced in Appendix A. The certificate is
accompanied by a statement of the result of a weighing of K40, before cleaning, 1 kg - 0,016 mg.
These results show that, while the mass of K40 remains stable within measurement uncertainty limits
over more than one hundred years, it is possible for the mass of the kilogram to change by many times
the quoted uncertainty limits, owing to some change in the kilogram which may be compensated by
the cleaning procedure described in Appendix A. As specified in the BIPM calibration certificate, the
mass of the prototype is expected to increase in mass by + 0,037 pg per day during the first three
months. It is also known that K40, as with the majority of prototype kilograms changes mass after
about one year at a rate of + 1 ug/year. Figure 2.2 shows predicted variation in the mass of K40 based
on these observations, and an estimated evolution at an intermediate rate for the intervening period > 3
months and < 1 year after cleaning.

! The reported expanded uncertainty of measurement is stated as the standard uncertainty of measurement
multiplied by the coverage factor k = 1, which for a normal distribution corresponds to a coverage probability of
approximately 68%. The standard uncertainty has been determined in accordance with GUM.

13™ Comparison between the Swedish national kilogram and SP principal standards for one kilogram



10

Simulated K40 mass change since 3rd verification
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Figure 2.2 Predicted evolution of mass of kilogram K40 following calibration at 910226

Using this model, the actual mass of the kilogram K40 at the time of the present comparison (October-
November 2012) is calculated to be: 1 kg - 0,010(8) mg, relative to the international kilogram. The
uncertainty calculated considered both the uncertainty from the calibration and from the mass
evolution model. Further detailed descriptions of the appearance of K40, as well as of the procedures
used for storing and for transporting the mass to the balance at various times, including the occasions
of the mass comparisons reported in this work, are given in individual internal protocols.

2.3.2 Principal standard kilograms

2.3.2.1 K86

The prototype kilogram, K86, made of 90% platinum and 10% iridium, is in the form a cylinder of
diameter equal to its height, and with a volume, according to the BIPM certificate 2004 at 0 °C of
46,389 0 cm® [Appendix B]. Also mentioned is a coefficient of cubic thermal expansion, used to
calculate the volume at a temperature t (°C), of (a+p to) 10° K™, where o = 25,869 and p = 0, 00565.

The prototype kilogram K86 was found 030917 to have a mass of 1 kg + 0,295(5) mg relative to the
international kilogram, following cleaning on 030917. Additional weighings made at the BIPM
[Appendix B] indicated that by 040430 K86 had changed to a mass of 1 kg + 0,296(6) mg relative to
the international kilogram. Using the same model for mass change with time employed above [2.3.1]
for K40, the actual mass of the kilogram K86 at the time of the present comparison (October-
November 2012) is estimated to be: 1 kg + 0,305(13) mg, relative to the international kilogram.

2.3.2.2 Stainless steel kilogram MJV?2

The stainless steel kilogram, denoted MJV2, was manufactured for the 6™ comparison in 1945 [Grabe
et al. 1950]. The mass is in the form of a cylinder of diameter approximately equal to the height, with

slightly rounded edges. The mass is made in one piece, without internal cavities or pieces added. The

mass has the notation 'MJV2'" inscribed on the top face.

The mass is made of austenitic stainless steel with a composition of 18.2% Cr, 8.5% Ni and 0.08% C,
according to an analysis made by Statens provningsanstalt.

The coefficient of cubic thermal expansion used to calculate the volume of each stainless steel mass at
a temperature t °C is taken to be o = 48 x 10° K™, as in earlier comparisons.
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It is assumed that the kilogram MJV2 has the same volume as its ‘sister’ kilogram MJV1 (no longer
in service) accompanied K40 to the BIPM in 1984 [Pendrill & Kallgren 1988] where it was weighed
hydrostatically, thereby re-determining the volume to be:

MJV1  volume (0 °C) = 126.659 8(10) cm?

Magnetic susceptibility measurements made at the PTB reported y values of as high as 0,01 for mass
MJV1 (appendix C of [Johansson et al. 1996]). No evidence, however, of magnetic effects on
weighings has been found so far.

2.3.2.3 Stainless steel kilogram G1

A stainless steel kilogram, denoted G1, was manufactured by the company Gragerts Vag- och
viktservice AB in Stockholm in 1974. The mass is in the form of a cylinder of diameter approximately
equal to the height, with slightly rounded edges.

The mass is made in one piece, without internal cavities or pieces added. The mass has the notation
'G1'inscribed on the top face. The mass is made of acid-proof austenitic stainless steel (Uddeholm)
corresponding to DIN 4305 (18% Cr, 10.5% Ni, 2% Mn, 1% Si and 0.15% C).

The kilogram G1 accompanied K40 to the BIPM in 1984, where it was weighed hydrostatically,
thereby re-determining the volume to be:

Volume (0°C) = 124,578 9(10) cm®

The coefficient of cubic thermal expansion used to calculate the volume of the stainless steel mass at a
temperature t °C is taken to be « = 43,5 x 10° K™, as in earlier comparisons.

2.3.2.4 Stainless steel kilogram Me

This kilogram was supplied by the Mettler-Toledo Corp as a mass standard intended for OIML
accuracy class E;. The volume of the kilogram was determined at SP prior to the 11" comparison by
hydrostatic weighing and found to be (appendix D of [Johansson et al. 1996]):

Volume(Me, 0 °C) = 125,317(6) cm®

2.3.25 Stainless steel kilogram Me2

This kilogram was supplied 2001 by the Mettler-Toledo Corp as a mass standard intended for OIML
accuracy class E;. The volume of the kilogram was determined at SP prior to the 12" comparison by
hydrostatic weighing and found to be:

Volume(Me, 0 °C) = 124,828(3) cm®
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2.3.3 Summary of mass properties
Volumes and densities

Table 1 Properties of SP’s principal one kilogram mass standards

Name Year (SP’sin-  Volumeat  Volume expan- | Density at Ref., year,
of ventory no 0°C /cm® sion coefficient | 20 °C /kg-m™  Certificate
acqui (unc,k=1) /K* 3 No
sition (unc, k=1)

K40 1890 600354 46.4115 25.869 - 10°+ 21435.4 BIPM, 1889

5.65 - 107 - At
K86 2002 602622 46.389 0 25.869 - 10°+  21544.8 BIPM No 68
5.65 - 107 - At (2003-2004)
G1 1974 601364 124.5789 435-10° 8020.1 (1) BIPM, 1984,
(10) No 42
MJV2 1945 601354 126.6598 48 - 10° 7887.7 (1) BIPM, 1984
(10)

Me 1995 601380 125.317 (6) 48 -10° 7972.1(2)  SP, 1996,

01-B96074

Me2 2001 602618 124.828 (3) 48-10° 8011.0(2)  SP, 2002,

P200140-50

2.3.4 Additional masses for coarse air buoyancy compensation

The different volumes of air displaced by the prototype kilogram and the principal standard kilograms
described above, cause apparent differences in mass, due to different air buoyancy (see section 4), of
about 90 mg between the Pt-Ir kilogram and the other kilograms. Additional leaf masses, in total about
100 mg, were laid on the top face of some of the kilograms so that the kilogram comparator (Section
2.2) displayed similar readings within a few mg for all kilograms. A list of these additional masses
together with the results of calibrations is given in Table 2.

Table 2 ldentification and masses of additional masses for coarse compensation of air buoyancy effects

unc,

Additional  Mass unc Volume Volume Density unc I

(mg, Calibration
mass (mg) k=1) (cm3)  (cm3), (kg/m3) (kg/m3)

= k=1
E1k 100mg  100,0001 0,0005 0,01259 0,00004 7943 25  MTmP800377-02
E1k50mg 49,9970 0,0004 0,00638 0,00003 7840 40  MTmP800377-02
Elk20mg 20,0027 0,0004 0,00251 0,00002 7960 50  MTmP800377-02
E11200mg  200,0026 0,0010 0,02500 0,00005 8000 15 '\K"OT4mPXZOO5O'
E11100 mg 100,0042 0,0008 0,01250 0,00004 8000 25 '\K"OT4mPX2°O5O'
E1120mg 19,9997 0,0005 0,00250 0,00002 8000 50 '\K"OT4mPX2°O5O'
E1110mg 10,0001 0,0005 0,00125 0,00002 8006 125 '\K"OT4mPX2°O5O'
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3 WEIGHING PROCEDURE

3.1 Preparation for a comparison

3.1.1 Instrument calibration
All instruments (Section 4) and additional masses (Section 2.3.4) were calibrated prior to the
comparison. Details of these calibrations are given in the respective appendices.

3.1.2 Preparation of masses

The kilograms to be weighed are stored in a vault, under lock and alarm, close to the comparison
laboratory (Section 2.1). The prototype normally is placed in a locked cupboard (one of the few items,
apart from the prototype, from the nineteenth century) in the vault under 3 glass domes, the mass
resting on a fused quartz disc on a piece of chamois leather. A hair hygrometer indicates the current
humidity in the cupboard, and a thermometer shows both the current temperature in the cupboard, as
well as the maximum and minimum temperatures which have occurred since the last time the
cupboard was opened. Typical temperature variations are between 17 and 23 °C.

After removal of the three glass domes, the prototype is carefully lifted, with a special pair of tongs
(which have always and exclusively accompanied K40, and are stored in the same cupboard) on to the
base of a transport holder standing on a table close to the cupboard. Prior to mounting the holder, a
careful examination of the prototype is performed, in the presence of a witness, and a protocol is
subsequently written. The transport holder, used whenever the prototype is moved outside of the vault,
including shipment to and from the B.1.P.M., has three pads (with chamois leather) which are used to
hold the kilogram in place by tightening a screw behind each pad.

13" Comparison between the Swedish national kilogram and SP principal standards for one kilogram
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The prototype is then carried, in its holder, to a table besides the mass comparator (Section 2.2). The
holder is removed from the prototype, and the prototype is carefully examined: any changes in the
visual appearance of the mass are recorded on the protocol. Any dust or other loose contaminations are
gently brushed off, but no extensive cleaning is performed. Using the same tongs, the prototype is
lifted, turned horizontal, and brought over to the comparator, where it is returned to upright. The
prototype is first lowered onto the mass carousel.

Similar moving procedures are followed when handling the principal standard kilograms, although
these masses are usually carried to the balance in the holders in which they are normally stored.
The balance can accommodate up to 4 kilogram masses.

Each kilogram to be weighed was then loaded and off-loaded from the scale pan a number of times. In
this way, each kilogram became centred on the scale pan.

The procedure described above was performed several days prior to the planned start of the weighings.
After this, the room containing the balance was not entered until after the weighings were over.
Weighings, as performed under the automatic control of a PC computer, were started normally about 6
hours after. In the intervening time, the carousel of the comparator, bearing the 4 kilograms to be
weighed, was continuously rotated to achieve thermal equilibrium.

3.2 Weighing comparison

This was the first weighing comparison with the Swedish prototype kilogram K40 that included a new
acquired kilogram K86. To minimize the use of the K40, first, the K86 was weighed directly against
the K40. Then, the K86 was weighed against the secondary standards shown in figure 3.1. The

13" Comparison between the Swedish national kilogram and SP principal standards for one kilogram
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comparison of two kilograms where always weighed pairwise and accompanied in the balance by two
air buoyancy artefacts

ke
10 vikter

Figure 3.1 Scheme of the kilogram comparison

3.2.1 Rectangle sequence (i, N; k, N-1)

The weighing comparison consisted of a number of rectangle sequences involving the successive
weighing of four kilograms in weighing series described in section [3.2.2]. The rectangle sequence
was repeated.

The four weighing differences (or "deflections"), and associated variances, are:

di=N;i-A; ;s

d,=A,-B, ;s (3.1)

d;=B3-Cy ;S5

ds=Cys-Ny ;542
where the subscripts indicate that the mass value for any mass may vary from weighing to weighing.
The task of the comparison is to determine the correction, c, to the mass of each kilogram with respect
to the Sl kilogram, where 1 kg reference (or “true”) value is defined as the mass of the International
Kilogram at the BIPM. The weighing equations (3.1) can be expressed in matrix form as

d=A.c (3.2)

where A is the design matrix (see below).

The corrections, c;, to the nominal masses of the four kilograms (i = 1..N, N=4) are given by the least-
squares solution:

c:= (ATW.ATATW.d

where the weighting matrix, W, is given by the (normalised) inverse of the observed variances, s?, in
the deflections [Schwartz 2007] :

13™ Comparison between the Swedish national kilogram and SP principal standards for one kilogram
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1 1
Wi = (—
' 1

S‘) 2o

The single restraint, the known correction, co, to the nominal mass of the standard kilogram, is added
as a deflection to the weighing equations (3.2) according to Gauss-Markov procedure, so that the
design matrix is

[1 0 0 0]
1-100
A=|0 1-10
00 1-1
-1 0 0 1)

where, in the weighting matrix, W, the standard is given infinite (Wy, := 10000) weighting.

3.2.2 A series of weighings (j, M-1)

A series of weighings in the present work consists of repeated cycles, j:= 0 ..(M-1), of weighings
(3.2.1) of the four kilograms in order, thus (N, A, B, C)u. This rectangular comparison sequence has
one of the better performances for 4 items in compensating for not only linear, but also quadratic and
cubic drifts [Sutton and Clarkson 1993/94].

Before starting the weighing, information about the comparison was recorded in a PC Excel datafile
(named, for example, ‘Copy of C1000S_Komp 2012-12-10 1 K86_NS2001_MJV2 NC2001’ was the
datafile of the comparison which started on 121210). Data acquisition was made with an Excel macro
routine which populated, throughout each weighing series, the rows of a spread sheet containing the
specification of the individual measurement sequences making up a complete measurement series. The
given data of each row acts as input parameters for the dlI’s (dynamic link library) of each
participating instrument, e.g. measuring position and settling time for the scale.

The format was as follows:

13™ Comparison between the Swedish national kilogram and SP principal standards for one kilogram
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Mumber

of Time (s) Air temp Airtemp

weighing since start, |Balance display |Balance std |Air pressure (C)ute, [(C), (C, lower),

#### |cycles, M |Date Tidk,j (g), Visningk,j [deviation (g) |(mbar), pk,j |{Pa) upk,j |Tempk,] |utempk,j |tempLk,]j

0 1 2 3 4 3 6 7 a 9 10
1 32 2012-12-1018:14:56 4925 0,000 350  0,0000019 999,804 30,000 13,737 0,005 20,212
2 32 2012-12-1018:17:27 5076 0,000 858 0,000 001 8 999,810 30,000 19,729 0,005 20,202
3 32 2012-12-1018:19:56 5225 0,005781  0,0000020 999,819 30,000 13,726 0,005 20,210
4 32 2012-12-1018:22:27 2376 -0,003 183 0,000 000 & 999,822 30,000 19,727 0,005 20,214
5 32 2012-12-1018:24:56 5525 0,000 354 0,000 000 9 999,858 30,000 13,730 0,005 20,221
] 32 2012-12-1018:27:28 5677 0,000 857 0,000 000 & 999,954 30,000 13,734 0,005 20,216
7 32 2012-12-1018:29:58 5827 0,005 733 0,000 001 6 999,951 30,000 19,747 0,005 20,225
8 32 2012-12-1018:32:30 5979 -0,003 154 0,000 001 2 999,965 30,000 19,749 0,005 20,223
9 32 2012-12-1018:34:59 6128 0,000 367 0,000 0005 1000,030 30,000 13,732 0,005 20,227
10 32 2012-12-1018:37:30 6279 0,000 857 0,000001 1 1000,050 30,000 19,722 0,005 20,230
11 32 2012-12-10 183:40:00 6429 0,005781  0,0000017 1000,090 30,000 13,712 0,005 20,239
12 32 2012-12-1018:42:31 6520 -0,003 223 0,000 000 7 1000,130 30,000 13,698 0,005 20,237
13 32 2012-12-1018:45:01 6730 0,000 375 0,000 001 2 1000,120 30,000 19,709 0,005 20,238
14 32 2012-12-1018:47:33 6882 0,000 348 0,000 001 &8 1000,150 30,000 13,710 0,005 20,235
15 32 2012-12-10 18:50:03 7032 0,005 777 00000017 1000,160 30,000 13,722 0,005 20,236
16 32 2012-12-1018:52:34 7183 -0,003 239 0,000 000 9 1000,240 30,000 13,717 0,005 20,235
17 32 2012-12-10 18:55:03 7332 0,000 379  0,0000012 1000,200 30,000 13,702 0,005 20,241
18 32 2012-12-1018:57:34 JAB3 0,000 847 0,000 0010 1000,210 30,000 19,679 0,005 20,239
19 32 2012-12-1019:00:05 7634 0,005 774 0,000 0008 1000,250 30,000 13,689 0,005 20,234
20 32 2012-12-1019:02:36 T785 -0,003 262 0,000 000 6 1000,300 30,000 13,686 0,005 20,230
21 32 2012-12-1019:05:05 7934 0,000 388 0,000 001 4 1000,210 30,000 19,684 0,005 20,231
22 32 2012-12-1019:07:36 8085 0,000 236 0000001 4 1000,300 30,000 13,688 0,005 20,229
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L M N 0 P Q R 5 T u W W X L
uH temp Mass of Vol sens.

Airtemp Humidity, Htemp (C, ((C, co2 Deflection sensitivity weight

(C), (C, upper), |{C), humidk,] internal),k, |internal), k. |{ppm), [(ppm), |sensitivity [(mg), |weight (mg), (em3),

1 utemplk,j |[tempUk,j [utempUk,j [(%) Udewk,] j coc ucoc  |(mg),ds |uds (mg), ms |ums Tslk

2 11 12 13 14 15 16 17 18 19 20 21 22 23 24
2 0,005 20,270 0,005 52,7 0,2 20,5 350 50 50177 0,001 0 ] 0
4 0,005 20,271 0,005 52,7 0,2 20,5 350 50 50177 0,001 0 ] ]
5 0,005 20,270 0,005 51,7 0,2 20,5 350 50 50177 0,001 0 0 0
i) 0,005 20,277 0,005 51,7 0,2 20,5 350 50 50177 0,001 0 0 0
7 0,005 20,272 0,005 52,7 0,2 20,5 350 50 5,0177 0,001 0 0 0
8 0,005 20,271 0,005 53,4 0,2 20,5 350 50 50177 0,001 0 0 0
9 0,005 20,291 0,005 54,1 0,2 20,5 350 50 50177 0,001 0 ] ]
10 0,005 20,297 0,005 53,4 0,2 20,5 350 50 5,0177 0,001 0 0 0
11 0,005 20,295 0,005 53,4 0,2 20,5 350 50 50177 0,001 0 1] 1]
12 0,005 20,288 0,005 52,4 0,2 20,5 350 50 50177 0,001 0 ] ]
13 0,005 20,290 0,005 52,0 0,2 20,5 350 50 50177 0,001 0 0 0
14 0,005 20,291 0,005 51,3 0,2 20,5 350 50 50177 0,001 0 0 0
15 0,005 20,296 0,005 52,4 0,2 20,5 350 50 50177 0,001 0 ] ]
16 0,005 20,297 0,005 53,4 0,2 20,5 350 50 50177 0,001 0 0 0
17 0,005 20,2594 0,005 53,8 0,2 20,5 350 50 50177 0,001 0 ] ]
18 0,005 20,301 0,005 53,8 0,2 20,5 350 50 5,0177 0,001 0 0 0
19 0,005 20,306 0,005 52,7 0,2 20,5 350 50 50177 0,001 0 1] 1]
20 0,005 20,204 0,005 52,7 0,2 20,5 350 50 50177 0,001 0 ] o
21 0,005 20,300 0,005 52,4 0,2 20,5 350 50 50177 0,001 0 0 0
22 0,005 20,304 0,005 52,4 0,2 20,5 350 50 50177 0,001 0 ] 0
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Z Al AB AC AD AE AF AG AH Al Al AK AL AM AN
Mass Vol Mass
Weight Weight Vol Vol rider rider ([rider Vol rider

Balance correction vol {cm3),[ {cm3),|utvid, |utvid, [CoG [m), |(mg), (mg), {cm3), [[mg), (mg), {cm3),
position [Weight |[{ug), ck {ug), uck Wok| uvok|alfak [|betak |hk Tmilk uTmlk [Tmilk [Tm2k uTm2k [Tm2k

25 26 27 28 29 30 31 32 33 34 35 36 37 38 39
0 K& 3235 45,389 0,0002 25,869 0,00565 0,0195 0 0 0 0 0 0
1 N52001 23841 a0 125 0,003 48 0 0,12 49,997 00,0004 0,00638 20,0027 00,0003 0,00251
2 nMIV2 -7 18 126,658 0,001 48 0 0,0402 100,0001 0,0005 0,01258 0 0 0
3 NC2001 -20436 150 283,37 0,007 48 0 0,12 200,0026 0,001 0,02500 100,0042 0,0008 0,012501
0 K&b 323 5 45,389 0,0002 25,869 0,00565 0,0195 0 0 0 0 0 0
1 MN52001 23841 60 125 0,003 48 0 0,12 49,997  0,0004 0,00638 20,0027 00,0003 0,00251
2 nMIV2 -7 18 126,658 0,001 48 0 0,0402 100,0001 0,0005 0,01258 0 0 0
3 NC2001 -20436 150 283,37 0,007 48 0 0,12 200,0026 0,0010 0,02500 100,0042 0,0008 0,012501
0 K& 3235 45,389 0,0002 25,869 0,00565 0,0195 0 0 0 0 0 0
1 N52001 23841 60 125 0,003 48 i) 0,12 43,997 0, 0004 000038 20,0027 0,0003 0,00251
2 nMIV2 -7 18 126,658 0,001 48 0 0,0402 100,0001 0,0005 0,01258 0 0 0
3 NC2001 -20436 150 283,37 0,007 48 0 0,12 200,0026 0,001 0,02500 100,0042 0,0008 0,012501
0 K&b 323 5 45,389 0,0002 25,869 0,00565 0,0195 0 0 0 0 0 0
1 MN52001 23841 60 125 0,003 48 0 0,12 49,997  0,0004 0,00638 20,0027 00,0003 0,00251
2 nMIV2 -7 18 126,658 0,001 48 0 0,0402 100,0001 0,0005 0,01258 0 0 0
3 NC2001 -20436 150 283,37 0,007 48 0 0,12 200,0026 0,0010 0,02500 100,0042 0,0008 0,012501
0 K& 3235 45,389 0,0002 25,869 0,00565 0,0195 0 0 0 0 0 0
1 N52001 23841 a0 125 0,003 48 0 0,12 49,997 00,0004 0,00638 20,0027 00,0003 0,00251
2 nMIV2 -7 18 126,658 0,001 48 0 0,0402 100,0001 0,0005 0,01258 0 0 0
3 NC2001 -20436 150 283,37 0,007 48 0 0,12 200,0026 0,0010 0,02500 100,0042 0,0008 0,012501
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4 AIR BUOYANCY

In the transfer of the unit of mass through weighing of Pt-Ir prototype kilograms with secondary
standards in stainless steel (or other materials), a major source of uncertainty arises in the
determination of air buoyancy effects. To compensate for an apparent mass difference p,, (V1 - V5), in
the weighing of two kilograms (of volume V, and V,) in air of density p,, which is typically of the
order of 100 mg, to an accuracy comparable with present-day balance resolution of several g,
requires a determination of air density to several parts in 10* [Giacomo 1982, Picard et al. 2008].

Air buoyancy corrections also need to be made in determining the masses of the additional masses
placed on the kilograms of stainless steel (Section 2.3.4) for coarse compensation of air buoyancy.

4.1 Air density measurement and estimation
4.1.1 Gas density

The number density p = V™' (per molar volume), of a (non-ideal) gas is a function of pressure, p, and
temperature, T, according to the equation of state:

where the “compressibility” Z of the gas is expressed as a series of virial coefficients, B, C,...; and
where R, = 8.314 4621(75) J mol™ K, is the molar gas constant [Giacomo 1982, Davis 1992,
CODATA 2013]. For a gas consisting of several components of relative concentration x; of gas with
molecular mass M;, the mass density, p,, of the gas is:

p
= — - 2 XM
Pw RT iRVl .1)

A mass of mass mq (in vacuum) and volume V displaces an amount of air of density p,, which exerts a
buoyancy force equivalent to an apparent loss in mass of p,+V. The volume V of the mass is normally
determined either hydrostatically (weighing in water or other fluid of known density) or geometrically.

4.1.2 CIPM Recommendations and the Gas Equation of State

The International Committee of Weights and Measures (CIPM) recommends that air density be
calculated with an empirical formula [Giacomo 1982, Davis 1992, Picard et al. 2008]. The
recommendation is based on the gas equation of state (equation (4.1)) and on a model of standard air.

The model consists of assuming certain relative concentrations, x;, of the different constituent gases,
including for example that a change in O, concentration is always balanced (for example, by
combustion) by an equal and opposite change in CO, concentration. Measurements are made of air
pressure, air temperature and where practical, of constituent gas composition (most often constituent
water vapour and carbon dioxide). The presence of, for example, foreign gases would lead to incorrect
air density values.

4.1.3 Measurement of air parameters
Measurements of air pressure, temperature and humidity were made with the instruments specified in
Appendices E, F & G. The carbon dioxide concentration, cocy;, in the laboratory air was not measured.

4.1.4 Calculation of air density from equation of state

The following is an extract from the Mathcad program calculating the air density from equations based
on the equation-of-state, (equation (4.1)). Absolute temperatures are denoted by T, and Ma is the mass
of air.
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Temperature

Air densi
ty t.ernpUk j + teran.k j
Water vapour termp, = —————
g S . , Pr.j 2 Ty j = tempy | + 27315

A = 1237884710 B =-19121316-10 = 330371104710 D= —A.3431645-10

A ns

Enhancement factors

£l = 100062+ p, 314107 ° 4 [t 2561077

kil pk,j . | empk’j| .
Saturated vapour pressures in Pa
D
|:A-|_T14 .J"2+B'T14 'j+c+T_:|
psvlk L= K
d psvlkj
Compressibility of air Hry j = Tomidy oAy o Py
-6 -8 — 10, 2 J
yly = 1581231077~ 29331107 temnpy o+ LIDBA0 - (tempy |
— 6 -2

y2k,j = Xvk’j-(i?ﬂ?-lﬂ - 205110 -tempk,j)

3 .= (v, 2| 1oess107 - 2ame 107 6
¥ ki~ | vk,jl . . er:npk’j

2

Z '—l—pk—’j-' 1 +va .+ + pk—‘] . 183-10_11—'X 2-0?65-10_8 Ml = | 2294544 + 12011+ — 0.0004

ki TR T T P ] B0 i [ D11 {eacy 5 - 00004]]

Molar mass of water:

My ;= (1 - 03780 May

4.1.5 Air buoyancy artefacts

A well-known procedure of determination air density estimates needed to compensate weighings of
kilograms of different volume for the effects of air buoyancy is the weighing of buoyancy artefacts,
that is, of specially made kilograms which have the same height and surface area but greatly different
volumes larger than the greatest difference in volume of any pair of kilograms in the comparison. SP
has had manufactured a pair of such artefacts, denoted NS2001 (solid, disk artefact) and NC2001
(hollow, cylinder artefact) [Appendix C].

—

I

Figure 4.1 A

ir buoyancy artefacts installed in mass comparator

How these are used is reported in the next section [4.2.2].
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4.2 Air buoyancy corrections to weighing
Each comparator reading diffk' ; was corrected for air buoyancy with reference to a “counterweight” of
volume 125 cm®. This was done in two ways:

4.2.1 Using equation of state
Air density, densk'j , calculated with the gas equation of state [4.1.4]

Air density in kg/m3

Py I'u'IVk : _
densy = D) S 1-%v, of 1= -] May ;10 3
S R RN ’ May '

was entered into the expression for the buoyancy corrected comparator reading, for example, ViktAj :

Mu,j

vjktAJ. = FET + 'HEI i~ 125.D|-dﬂnsDJ] - |Tm|:I - Tvn-densn,ﬂ - |Ts|:I i~ T‘VSD ,j-dﬁnsﬂ il

where weighings in comparator reading, diffk'j , are for each of a given set of kilograms, e.g. K86,
NS2001, G1, NC2001, (k=0,1,2,3).

Corrections for the air-buoyancy corrected masses, Tm,; TV, of eventual additional masses [2.3.4]
placed on some kilograms were also made.

4.2.2 Using air buoyancy artefacts
Air density was secondly calculated as ardens ; » from the difference in air-buoyancy-compensated
comparator readings Vis, ; —Vis, ;, divided by the known volume difference, V, ; —V, ; between the

two artefacts NS2001 and NC2001, respectively [APPENDIX C] and entered into the expression for
the artefact-buoyancy-corrected comparator reading, VviktdensA, ; :

Regression density artefacts

ciff, .
. ) k.j . . ! ) y
“Sk,j = [de . ] - |ka - Tvk- densk,j' - 'Tsk,j - Tvsk,j.densk,j| Air density fi :::: mt_e:iscts {I_clig.dl:;];;l
2] | 7155 i 1, | .
ardens, = —
] V. .-W

diff_ .
. . 0.]
v:ktdensAj = [de—IDJ + |‘i.FEI i 125.D|-ardensj - |Tm|:I - TVD-ﬂ.t‘dE-'ﬂSjl - |TsIj g TvsEI ,j-a:rdensj|

including the difference (46,351(54) mg) in absolute (in vacuo) masses of the two artefacts determined
from equation-of-state buoyancy-compensated calculations according to the procedure of section

[4.2.1].

Corrections for the air-buoyancy corrected masses, Tm,; TV, of eventual additional masses [2.3.4]
placed on some kilograms were also made.
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NS air (ug)
23850
23840
23830 —F
23820
23810
23300
23790
23780
23770
23760
23750 T T T T T T T T 1
0 50 100 150 200 250 300 350 400 450

_22450 T T T T T T T T 1
Jl % T 50 100 150 200 250 300 350 400 450

-22500

-22550

L

-22600

-22650

Figure 4.2 Absolute masses — 1 kg (/ug) of air buoyancy artefacts against time (/days) during comparison
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Comparison of equation of state and artefact estimates of air buoyancy
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Figure 4.3 Air density from equation-of-state, red lines, and from artefacts, blue lines, kg/m?® for kilogram comparison 2012-12-07 1 K86_NS2001_G1+sense10mg_NC2001
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5 COMPARISON CALCULATION PROCEDURE
5.1 Difference (or deflection) in mass between pairs of

kilograms — equation-of-state buoyancy compensated
In order to calculate the difference (or deflection), d, in mass between pairs of kilograms, the
comparator display, vikt, [Section 4.2] was plotted as a function of time for each kilogram, as shown
for example in figure 4.4.

A least-squares fit was then made to the variation for each kilogram with time to a second-order
polynomial using MATHCAD:

i .
Uy+ U t+u,t PA :=genfit (tidA, viktA, vg, F)
1

t

t2

F(t,u)=

yielding, for kilograms in the comparison the following function F parameters (in units of mg, mg.s™
and mg. s, respectively):

Regression BIPM formula

tidd, = td_ . tdB. = tid, .
] dU,J ] 1.i

t:Lde = ud2 i ndDj = t:ld3 i

tidd,. + tidB. tidE. + tidC. tidC. + tidD. tdD). + tidd.
HdaB = —3 1 yepo -1 ) HACD, = — 3 1 gapa, = ]
i 2 i 2 i 2 i
2
Uyt upttugt P& = genfitftida , vilta vz, F)
a
_ . . 1
F(t, ) = 1 FB = genfit(tidB  wikdB vz, F) vee|
t PC = genfitr HdC, viktC, vg, F) 8=
1
e FD = genfit(tidD , wiktD ,vg,F)
-02 306004 —62 011276 —00 35088 ~115334632
PA = 0000059 PE = 0.000074 PO = 0000087 PD = 0000099
5 530437 % 10" 236159 % 10 " 0834586 % 10" 0723309 % 10 "
Figure 5.2 Kilogram comparison 2012-12-07 1 K86_NS2001_Gl+senselOmg_NC2001

The average mass difference between two kilograms, A and B, over the M weighings is then evaluated
by taking the difference between fitted functions for the kilograms evaluated at the average time
between each weighing pair:

M- 1
. Z (F(tidABJ.,PA)O— F(tidABj,PB)O) +3g: (hy-h)
j=0

2|~
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where

tidA. + tidB.
'[idABj =4

Note that the mass difference is corrected for the difference in gravitational acceleration:

8g :=-310"10°

at the different heights, h, of the centres of mass of the two kilograms.

As an additional check, plots were made of the differences between individual pairs of weighings, as

shown in Figure 5.6.

5.2

Determination of mass comparator sensitivity

Compared with previous kilogram comparisons at SP, the present comparison differed in two

important aspects:

e The sensitivity of the mass comparator was significantly different from unity (1), by as much

as 5% or more

e The set-up was open to the laboratory atmosphere so that fluctuations in air parameters were
considerably greater than those experienced in the closed chamber operation of previous

comparisons

A new procedure was therefore introduced with the present comparison whereby the sensitivity was

estimated during weighings in the following way:

The differences AdiffsensB ; between two sets of weighings in comparator reading, diff

ihj!

a given set of kilograms, e.g. K86, NS2001, MJV2, NC2001, (i = 0,1,2,3) respectively without and
with a sensitivity mass placed on NS2001, was calculated and compensated for air buoyancy. The

comparator sensitivity deIBk'j was then calculated by dividing each such difference, Adzﬁfs*ensBj :

with the (buoyancy-corrected, volume Tvs, ;) mass, TS, ;, of the sensitivity mass.

for each of

< g 0 1 2 3 4 =
—~ k] 0465928 D dems,
DIFF, = 3 - ‘ 1168349 0 | -0.537526 | -0.520718 | -0.515105 | -0.501256 | -0.507684 | -0.0
T 1.153674 DENS, = 1 1168352 &IF =
DIT=| e DEHS 1| 1091231] 1101051 | L2171 | 1i2P7ai| 1.a4s026| Lt
052480 1168339 2 |21.239872 | 21.251895 |21.267205 | 21.277744 | 21279964 | 21.2¢
Reference: 121128 1168372 3 | -0.609211 | -0.567602 | -0.564421 | -0.517256 | -0.500421
dens, . + dens., .
; ol _ _ I 1 i s Y O _ _ _ _ | _
Ad.\ffser\sBj.fd.\ffg‘j a;ﬁ“l‘j. (10857501 - 1.263052) [[[ S ] 1.16465i||V2IJ. Vllj|}+[Tv2|der\sglj 1.16485) [Tv1|densl‘j 1.15455.]] [|der|sllj 1.16465|Tvsllj:|
AdiffsensE,
am, |- — i, )= T[T +
W |"I'2 —Tvsgjd.emkl| J J i | J
. v L

Figure 5.3 Example of Kilogram comparison 2012-12-07 1 K86_NS2001_Gl+senselOmg_NC2001

DEL =

M4

DEL = 1035418

After the weighings were completed overall, a separate determination of the sensitivity of the mass
comparator was made using a regular procedure [method MVVm 32], and the results compared. See

Appendix H.

13™ Comparison between the Swedish national kilogram and SP principal standards for one kilogram



29

5.3 Gravitational gradient

A factor influencing high precision mass determination when masses have very different shape and /
or density is the difference in height of centre of mass for different artefacts to allow for the small
effect due to the reduction in gravitational acceleration as one moves outward from the earth’s surface.

To calculate the magnitude of this effect the expression for the difference in gravitational force 4F =
m-Ag associated with the gravitational gradient Ag is used. Modelled with a conceptual expression

AF = Am-g it is assumed that AF depends on some apparent mass difference Am instead of a difference
in gravitational acceleration Ag. The relative gradient of the gravitational acceleration can be set to
3,14-10™ mm™ near sea level. The apparent mass difference can be calculated from the relation
below:

Am _Ag
m g
A recalculation factor 10° ug/kg leads to an apparent mass gradient of 0,314 ug/mm.

egb5.1

The centre of gravity for a Pt-Ir kilogram is about 19 mm above the bottom whereas in the case of a
standard stainless steel kilogram the centre of gravity can vary depending on its shape as seen in the
following table.

Table 3. Gravity-corrections for kilogram standards

Distance base-centre of Difference to K40 correction Am

Mass standard gravity / mm / mm /ug)
K40 19,5 0,0 0,0
K86 19,5 0,0 0,0
MJV2 27,2 1,7 2,4

Gl 27,5 8,0 2,5

Me 40,2 20,7 6,5

Me2 40,2 20,7 6,5
NS2001 120 60 19,5
NC2001 120 60 19,5

54 Difference (or deflection) in mass between pairs of

kilograms — artefact buoyancy compensated
A second set of calculations of the kilogram weighings was made with air buoyancy compensation
using air density estimates from artefact weighings instead of using the equation-of-state air density
estimates reported in Section 5.1. In order to calculate the difference (or deflection), d, in mass
between pairs of kilograms, the comparator display, vikt, (section 4.2) was plotted as a function of
time for each kilogram, as shown for example in figure 5.4:
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Mass difference {mg)
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Figure 5.4 Comparator reading viktdens (corrected) (mg) versus time (seconds) over a kilogram

comparison 121211 K86-NS2001 - MJV2 - NC2001 + 10mg sens

A least-squares fit was then made to the variation for each kilogram with time to a second-order
polynomial using MATHCAD vyielding, for kilograms in the comparison the following function F
parameters (in units of mg, mg.s™ and mg. s, respectively):

2
0yttt PDA = genfitltidls viktdenshy g, F)
Fltu = 1 PDB = genfi{tidR  viktdensB vy, F) : S3031604 O 6073076
t PDC = gendit{tidC viktdemsC v, F) s i PDA-| 0000038  ppp_| 0000117
5 _ L
L t J PDD:= genft{tidD,vikidersD v, ) 2955007 1077, 4153581 107 °
-s3089% (-hsirsma
PO = noootit POD = noooLie
L-3.993833 w107? J [—4.158066 x107? J
Figure 5.5 Regression 121211 K86-NS2001 - MJV2 - NC2001 + 10mg sens

The average mass difference between two kilograms, A and B, over the M weighings is then evaluated
by taking the difference between fitted functions for the kilograms evaluated at the average time
between each weighing pair:

M-1
|F(tidAB;, PDA) | — F(tidAB;, PDB) | + 8 - (hg — hy)
=0

dl =

Sis

where
tidA. + tidB.
tidABj =4

Note that the mass difference is corrected for the difference in gravitational acceleration:

8g =-310"10
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at the different heights, h, of the centres of mass of the two kilograms.

As an additional check, plots were made of the differences between individual pairs of weighings:

2588

2388

[rridet By =ikt Hdg 77 paf

vﬂ{tderlsBj—vﬂ{tderlsAj+dﬂ

: 23820 .
238F .
2378 | | | 1 |
=17 2x10°  3x10°  4x10°  sa0® a0’ wan®
243 1 1 1 T 1
246 -
_ _ 244 -
(wiktCi—viktd;)+dg
- . 2420 .
viktdensCy—viktdensdi+dp
Tl L .
2.4
238 -
235 | | | 1 |
1x10°  2x10° 3x10° 4x10°  s5x10° éx10°  7x10
tad -
-22.48
-225 -
_I:j;?'thDj—vﬂ{tAj}du
viktdensDi—viktdensh+dy 22521 |
b
-22.54 1
_ 22 SE 1 1 1 1 1
Figure 5.6 Differences in mass (mg) versus time (hours) between kilograms over a kilogram

comparison 121211 K86-NS2001 - MJV2 - NC2001 + 10mg sens
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6 DISCUSSION OF ERRORS, UNCERTAINTIES

AND CORRECTIONS

6.1 "Type A’ evaluation of uncertainties
6.1.1 Weighing standard deviation

The observed standard deviations, s (mg), in the means of the mass differences, were evaluated from
the residuals of the least-squares fit for each kilogram of second-degree polynomial F(t,u) to the
corrected comparator readings vikt versus time, with M.(M - 3) degrees of freedom (s, is the
uncertainty from calibration of the reference kilogram):

4

Residuals
b= (|| LS Fitids. Pag - vikes. P i 2
ab = =) -M-+| fhesy, B0 ;! gl = j -M-{ |F|t1dC Lo - vil{th|J
i
1 1 . . 2 1 . . 2
gB = — |57 |FitidB. ,FB|g — vikiB, | gl = — |57 {FijtidD, D — wikiD, |
M- 3| M |= i i (1 - 3) | M | <= i i
Li i
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Figure 6.1 Kilogram comparison 121211 K86-NS2001 - MJV2 - NC2001 + 10mg sens

These were mostly of the order of 3 - 5 pg.

13™ Comparison between the Swedish national kilogram and SP principal standards for one kilogram
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13" Comparison between the Swedish national kilogram and SP principal standards for one kilogram

Comparison of similar weighings made during the 11" [1995] and 13" [2012] Comparisons, showing substantial increase in noise for the latter weighings
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6.1.2 Least-squares solution of rectangle of mass differences
The regression to the rectangle comparison of the four kilograms (section 3.2.1) yields
residuals of the least-squares fit:

Least-squares
solution A= ]
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2
5 ) ) 1 o0 a0
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Figure 6.3 Least-squares regression of mass differences. Kilogram comparison 121211

K86-NS2001 - MJV2 - NC2001 + 10mg sens

_— 1
gv =2 (RR)———
The group variance, M- N may be calculated with a corresponding number
of degrees of freedom equal to M-N, for the M weighing pairs amongst N masses.

The combined (type A) evaluation of variances of the weighings is found by adding the
variances associated with the weighing of each pair of kilograms (s*) together with that
(gv) of the group of weighing combinations. The variance-covariance matrix is then:

Ve = (AT-W-A)-l- (E(TR;- !
M —

+ Vav
N

vav ::%-Z (si)2

where the average weighing variance is
[Schwartz 2007].
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Figure 6.4 Uncertainty calculations BIPM. Kilogram comparison 121211 K86-NS2001 -
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7 RESULTS AND CONCLUSION

The comparison may be summarised with a table of values of the principal kilogram
standards determined with reference to the national prototype kilogram K40 (1 kg -
0,010(8) mg [82.3.1]).

Table 7.1. Masses of principal kilogram standards

Me | Me2 | G1 | MIV2 | K86
Mass - 1kg (/ug) | 578 | -139 | 2396 | 460 | 320
u(/ug)| 25 | 25 | 25 25 25

The evolution of some of SPs principal kilogram standards is presented graphically
(figures 7.1).
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Figures 7.1.

Mass values of some of the kilograms as functions of time
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APPENDICES

APPENDIX A Calibration certificate
for the national prototype kilogram
K40 (BIPM) (in French)
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APPENDIX C Volume
determinations of air buoyancy
artefacts (SP, SE) (in Swedish)

APPENDIX D Calibration
certificates for the density
determination of masses ("Me”
& “Me2” kilograms) (SP, SE)
(in Swedish)

APPENDIX E Calibration
certificates for air pressure
gauge (SP (SE)) (in Swedish)
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APPENDIX F Calibration certificate for
thermometers (SP(SE) in Swedish)

APPENDIX G Calibration certificates for
hygrometer (SP(SE) (in Swedish)

APPENDIX H Determination of mass
comparator sensitivity (according to regular
procedure, method MVm 32)

it
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